An approximate technique is presented for the prediction of the large-scale turbulent structure sound source in a supersonic jet. A linearized Euler equations code is used to solve for the flow disturbances within and near a jet with a given mean flow. Assuming a normal mode composition for the wave-like disturbances, the linear radial profiles are used in an integration of the Navier-Stokes equations. This results in a set of ordinary differential equations representing the weakly nonlinear self-interactions of the modes along with their interaction with the mean flow. Solutions are then used to correct the amplitude of the disturbances that represent the source of large-scale turbulent structure sound in the jet.
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INTRODUCTION
While considerable progress has been made over the last decade toward the prediction of jet noise, an efficient tool for the prediction of jet noise in practical geometries is still lacking. The problem can be split into the prediction of the source field and the prediction of the acoustic field associated with it. As for the latter, there are now a number of schemes that can successfully predict the acoustic field associated with a well-prescribed sound source. In the acoustic analogy approach, time-average correlations can be used to construct the acoustic source. 1 This source is used in a volume integration to obtain the acoustic field. An implementation of this approach is described by Khavaran 2 where the statistical properties of the noise sources are described by two-point, space-time correlation models derived from RANS solutions for the flow field using kturbulence models. An alternative approach was recently developed by Tam & Auriault 3 where models for the two-point correlations are given in a fixed reference frame, rather than the moving reference frame commonly used in previous approaches. In both of these approaches, it is the fine-scale turbulence that is modeled as the source of noise.
Strong evidence suggests that jet noise, particularly in the supersonic regime, has contributions from large-scale turbulent or wave-like structures in the initial region in the jet and can be the dominant noise source. These structures cannot be captured by classical turbulence modeling. Direct Numerical Simulations (DNS) and Large Eddy Simulations (LES) can successfully capture these structures, but they are computationally intensive.
Large-Eddy Simulations (LES) is the most promising approach for prediction of the noise source. The resolution in LES involving the acoustic field is usually selected such that all the acoustically relevant scales are resolved. In principal, LES can be extended to resolve all the scales as in DNS by making the resolution equivalent to that of DNS. At the other end, the computations can be made less CPU intensive by selecting a coarse mesh, and resolving only the very-large scales (VLES). Although VLES may be less CPU intensive compared to LES, still there is an obvious need to develop an approximate, but fast approach for prediction of jet noise.
The work presented herein focuses on predicting the noise source associated with the large-scale, low frequency noise. This work, along with a parallel work for prediction of the small-scale noise, should provide a practical tool for prediction of jet noise associated with both the small and large scales. The basic idea herein is to first neglect nonlinearity and use a Linearized Euler Equations (LEE) code to predict the time-dependent source in a given mean flow. Nonlinear effects are then accounted for via a nonlinear integral technique similar to that of Dahl & Mankbadi. 4 The starting point of this analysis is that we consider a turbulent round jet at a sufficiently high speed so that the compressibility is significant. The development of this jet in the unexcited case is assumed to be given by some other means (e.g. analytically or via Reynolds averaged numerical simulations). This jet is then excited by a single-
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National Aeronautics and Space Administration frequency instability wave. The nonlinear development of this wave will be presented herein based on the integral energy approach. Along with the wave development, the mean flow-spreading rate is also modified. Since the focus here is the supersonic jet, we must consider the helical modes as they are more amplified than the axisymmetric ones. Once the computations are completed, a description of all the variables of the large-structure disturbance field in and near the jet is given for a particular mode number and frequency. It can be used as the acoustic source to compute the noise radiation field outside of the jet. This is described in a separate paper. 5 In the next section, we describe the LEE method used to compute the large-scale turbulent disturbances. The advantage of this approach is that it allows the base mean flow to be non-parallel. This has the consequence that the numerical singularities, present in the previous locally-parallel stability analysis, 4 are eliminated. The development of the integral energy equations is described in the following two sections. Finally, results are shown for the nonlinear calculations showing the effects of dissipation, initial large-scale structure amplitude, and jet Mach number on the spatial evolution of the amplitude and phase of the structure.
LINEARIZED EULER EQUATIONS
Consider a high-Reynolds number turbulent jet issuing from a nozzle of diameter D in a still air. The jet is shock-free, but the Mach number is high enough for compressibility effects to be significant. The density and the component velocities are normalized by the jet exit density and axial velocity at the centerline, ρ j and U j , respectively. The pressure is normalized by ρ j U 2 j , time by D/U j , and spatial coordinates by D. Each flow parameter is split into a time-averaged part U i (x, r, φ) and a disturbance part, u i (x, r, φ, t). Thus, the velocity can be written :
where i = 1, 2, 3. In the cylindrical coordinates, 1 refers to the axial direction x with axial velocity u, 2 refers to the radial direction r with radial velocity v, and 3 refers to the azimuthal direction φ with azimuthal velocity w. An over bar, ( ), denotes a time-averaged quantity. The pressure and the density are similarly split:
For the product of the density with the velocities, we get
Time-averaging yields
and we define
Thus, we get
Starting from the full Navier-Stokes equations in conservative form, we neglect viscosity, linearize about a given mean flow and separate the disturbance variables into azimuthal modes by assuming the presence of an exp(inφ) factor in each variable. The resulting Linearized Euler equations may be written in cylindrical coordinates as follows:
where n is the azimuthal mode number and the vector quantities are:
where the mean and the disturbance pressures are given by
E is the mean total energy and e is the energy disturbance variable. In developing the Linearized Euler equations, only the linear terms of equation (5) for ρu i are retained. In this formulation, each additional mode calculated adds another set of equations to be solved. The advantages to this formulation are lowered storage and computation, improved centerline behavior, and improved boundary condition specification.
Numerical algorithm
The code uses an explicit time-marching method coupled with central differences in space. To eliminate spurious high-wavenumber oscillations, artificial dissipation is employed. For computational efficiency and maximum compiler optimization, the code is written in FORTRAN 77.
The time marching method is a low-storage, fourth-order extension of an optimized LDDRK 5-6 method. 6, 7 For accurate spatial differencing, the 7-point DRP method of Tam & Webb is used. 8 For artificial viscosity, an explicit 10th order dissipation is used. 9
Computational grid
The grid used for the cases computed for this paper had 171 (radial) x 251 (axial) grid points. In the radial direction, the grid started with the minimum spacing of ∆r/D = 0.02 at the centerline and smoothly stretching to 0.15 at r/D = 16. In the axial direction, the minimum spacing was ∆x/D = 0.02 at the x = 0 boundary and smoothly stretching to 0.15 at the x/D = 35 boundary. The maximum spacing corresponds to 10 points per wavelength, which is well within the accuracy range of this code. All cases used the same computational grid. A Courant number of 1.4 was used for these computations.
Boundary conditions
Special attention is given to the boundary treatment in order to avoid non-physical oscillations, which can render the computed unsteady solution unacceptable. Several boundary treatments were considered. The boundary treatments follow that of Mankbadi et al. 10 At the inflow, Thompson, non-reflecting boundary treatment is implemented. The conventional acoustic radiation condition is applied at the radiation boundaries, which are defined at inflow, x = 0, where r/D > 2, and at the outflow, x = x max , for all radial points where the Mach number is less than 0.01. For r = r max , the radiation condition is applied to all x-points. At the outflow, where the Mach number is greater than 0.01, the Tam & Webb 8 asymptotic boundary treatment is applied. In this code, the centerline boundary is represented with a point at the centerline, and a ghost point reflected across the centerline in the radial direction. Without azimuthal mode decomposition, the centerline treatment for a three-dimensional problem is not straightforward, and was addressed by Shih et al. 11 However, using the azimuthal mode decomposition method, the centerline boundary con-dition becomes straightforward:
where G 1 to G 5 represent the five terms in the G vector in equation (7) .
Inflow disturbance
At the inflow boundary, x/D = 0, a disturbance based on the linear stability eigenmodes for the inflow jet profile is introduced:
where L Q (r) represents the radial eigenvector of the linear stability wave for the set of disturbance variables. To introduce the input disturbance into the flow field, the time derivatives of the disturbance are added to the computed flow variables at each time step:
This boundary condition inputs the locally-parallel eigenfunction solution that is not exactly equivalent to the Euler solution. This difference results in a transient wave near the inflow boundary causing inaccuracies in the numerical results.
WEAKLY NONLINEAR EFFECTS
The source predicted by LEE neglects nonlinear effects. However, nonlinear effects seem to be important and need to be taken into account. Dahl & Mankbadi 4 developed a nonlinear technique for the prediction of the noise source associated with instability waves in a compressible jet. In their work, the partial differential equations were integrated across the transverse direction assuming that the disturbance profiles were given by the eigenfunctions of a locally-parallel, viscous, linear stability calculation. Certain mathematical singularities that occurred within the stability equations of this approach limited its usefulness. In addition, the integral energy equations of the previous paper contain some inconsistencies that are resolved in the presentation below. In the present work, the disturbance variable profiles will be taken from the linear Euler solution.
Shape assumptions
In the integral energy method, the system of equations is integrated in the radial direction using shape assumptions for the disturbance variables. The disturbances, considered to be the large-scale turbulent structures, are assumed to have the form of a traveling wave. Following the work of Lee & Liu, 12 the waves are assumed separable into an unknown amplitude function and a radial shape function 
with an axial phase function ψ(x) that also needs to be determined. In equation (8), (ˆ) denotes the radial shape function of the transverse coordinate r at a given location along the jet.û i (r),p(r), andρ(r) are radial shapes computed by the LEE code at a given axial location and at a given n and ω. Here, n is the azimuthal wave number indicating the rotation around the jet centerline. A(x) is the real amplitude function of x and is to be determined by a nonlinear analysis. For the LEE results, the variables contain both axial and radial information. Only radial information is desired for the integral technique. The radial shape functions are estimated at each axial location by normalizing in the radial direction
at each axial location.
Equations of motion
The formulation begins with the following nondimensionalized continuity and momentum equations in cylindrical coordinates:
where the Reynolds number, Re = ρ j U j D/µ, is initially assumed to be constant. The subscripts denote differentiation, the Laplacian is
Making substitutions from relations (1) to (6) into (10) to (13), we get:
These equations will be used to derive a set of equations governing the mean flow and a set of equations governing the large-scale structures.
Mean flow
The mean flow equations are obtained by time-averaging equations (14) to (17) containing the two-component decomposition. The continuity equation for the mean flow is
and the three momentum equations for the mean flow are:
Large-scale structure
The equations governing the large-scale structures are obtained by subtracting the mean flow equations, (18) to (21), from equations (14) to (17). The continuity and momentum equations for the large-scale structures are: 2 and similarly for (U ir ) 2 and (U iφ ) 2 .
Kinetic energy equations
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Large-scale kinetic energy equation
The large-scale kinetic energy equation is often obtained by multiplying each disturbance momentum equation by its corresponding disturbance velocity and then adding the three equations. This process was used when shape assumptions were based on using locally-parallel, stability calculation results. With LEE, we obtain disturbance variables that are complex. In anticipation of using these complex values, we develop the large-scale kinetic energy equation by multiplying each disturbance momentum equation by the corresponding conjugate disturbance velocity and then adding the conjugate, that is, for the x-momentum equation:
Similar equations are derived using the r-momentum equation and the φ-momentum equation. After adding these equations together, manipulating extensively, and applying a time-average, the resulting kinetic energy equation for the large-scale structures is
where Q = (|u | 2 +|v | 2 +|w | 2 )/2, cc denotes the complex conjugate of the preceding complex terms, and ht denotes higher order terms containing the product of three or more disturbance variables. When the shape assumption given by equation (8) is applied in equation (28), the axial derivatives will decompose into two terms; one for the derivative of the amplitude function A(x) and one for the derivative of the phase function ψ(x). Thus, an additional equation is required to describe the axial evolution of the phase. Following Lee & Liu, 12 this is obtained by first subtracting the momentum equations, rather than adding as in equation (27),
This equation and the additional two equations for the rand φ-momentum equations are added together and extensively manipulated. The resulting equation is more complicated than equation (28) and will not be given. Only the final integrated equation will be given below.
INTEGRAL FORM OF THE ENERGY EQUATION
For the round jet, the mean quantities are assumed to be axisymmetric. Thus, W = 0 and ∂( )/∂φ = 0. The energy equations (26) and (28) for the mean flow and the large-scale structures, respectively, are simplified as these terms are removed. Then, the usual boundary-layer-type approximations are applied to the mean quantities. The mean radial velocity is much less than the mean axial velocity, V U , and the axial gradients are much less than the radial gradients, ∂( )/∂x ∂( )/∂r. Using these approximations and considering the number of disturbance variables in each term, the terms are ordered in size and those terms up to second order are retained. The mean flow pressure is then assumed to be constant across the jet. Finally, multiplying by r and integrating over r, the integral form of the mean energy equation reduces to the following simple form.
Similarly, the energy equation for the large-scale structure component reduces to:
In this equation, terms to second order are retained and those terms involving the second derivative with respect to x are neglected. For terms higher than second order, the time-average is zero when using the shape assumption, equation (8) .
The physical interpretation of the terms appearing in the energy equations is obvious. For the mean flow equation, the first term on the left side is the mean flow advection of the mean flow kinetic energy, the second term involves energy transfer. The first four terms on the right-hand side of (30) govern the energy transfer from the mean flow to the coherent structure, and the last term is the viscous dissipation of the mean flow energy. As for the large-scale equation (31); the left-hand side is the mean flow advection of the large-scale kinetic energy. The first term on the right-hand side is the work done by the large-scale pressure gradients, the next two terms are the energy transfer from the mean flow to the large-scale structures, and the last two terms are the large-scale energy dissipation.
When substituting the mode definitions into equation (30) for the mean energy, we will assume that the disturbances are real. Hence, each disturbance variable is represented by equation (8) plus its complex conjugate. The time-averaging process results in the following ordinary differential equation.
In this analysis, the mean flow is characterized by the momentum thickness rather than by the axial distance. Hence, the integrals in the energy equations are dependent on θ instead of x.
For both the large-scale energy equation (31) and the phase equation, the disturbance variables are used in their complex form as given in equation (8) . The resulting ordinary differential equations are:
I wc and 1 2
All the integral terms in equations (32) to (34) are given in the Appendix. Note that unlike in the previous paper, 4 all the energy transfer integrals appearing in equation (32), represented by I mwt , appear identically in equation (33) with opposite sign, as expected.
NUMERICAL RESULTS
The calculations were performed for three, perfectly expanded jets with exit Mach numbers of 1.5, 1.8, and 2.1. In all cases, the jets were cold with the jet exit total temperature equal to the ambient temperature. The mean flow was computed using the parabolized, boundary-layer procedure of Dahl & Morris 13 with the addition that the radial velocity profile was computed from the mean continuity equation. This procedure generated mean flow profiles that smoothly transition from the initial region to the fully developed region allowing complete parameterization by the momentum thickness, θ, as required by the nonlinear analysis.
The mean flow was used in the Linearized Euler Equation (LEE) solver described in a previous section. The time-domain solver was run until initial transients ended. The unsteady disturbance flow field was then stored at constant time intervals creating time histories of all the computed unsteady flow variables at each grid point of the flow field. The time interval corresponds to 1/8th of the period for the frequency used for the inflow disturbance. In our calculations here, the frequency corresponds to a Strouhal number f D/U j = 0.2 and n = 1 for the azimuthal mode number. An example of the computed pressure disturbance field is shown in Figure 1 . The pressure disturbance contours exhibit a growth and decay behavior within the jet and a radiation directivity characteristic outside of the jet. The pressure disturbance also decays with distance away from the jet. These results are typical for all three computed jets.
The set of disturbance flow fields from the LEE calculations were post-processed to provide the data for the nonlinear integral calculations. After taking the Fourier Transform in time to obtain the complex amplitude of each unsteady flow variable at each grid point, the data were normalized according to equation (9) to obtain the radial shape functions for each variable. The radial shape functions are then used to compute the integrals that appear in equations (32) to (34), the set of coupled ordinary differential equations for the mean flow momentum thickness θ, the disturbance variable amplitude A 2 , and the disturbance variable axial phase function ψ. Since the integrals are considered to be functions of θ, interpolations were made of these integral functions during the solution of the differential equations. The differential equations were manipulated to form three first-order, coupled, initial-value differential equations that were solved by implementing a degree-1 Taylor series scheme with fixed point iteration. 14 Only the choice of the initial amplitude was needed to start the integration at x = 0. The initial value for θ was given by the mean flow calculations and the initial value for the phase function ψ was set to zero. Any nonzero initial value for ψ merely offset all the results for ψ by that initial nonzero value.
Effect of Re
The differential equations contain a Reynolds number that comes from the normalized Navier-Stokes equations. Obviously the Euler equations are inviscid, hence the Reynolds number must be provided by the underlying mean flow. Solutions for the amplitude function are shown for the M j = 1.8 jet in Figure 2 for two different initial amplitudes, A 2 o = 10 −7 and A 2 o = 10 −3 . Given that we consider the jets to be high-Reynolds number turbulent jets, the high constant Reynolds number results show growth but very little decay for the amplitude. If we consider the viscosity to be a turbulent viscosity, as in Tam & Chen, 15 and choose a smaller constant Reynolds number, we see that significant 'early' decay does not begin until the Reynolds number is getting relatively small. To avoid the arbitrary choice of a Reynolds number, we follow our previous procedure by choosing a local variable Reynolds number obtained from the mean flow calculations. 4 This is a simple way to mimic the increased effects of finescale turbulence on dissipating the energy in the large-scale turbulence as the large structure moves downstream. The amplitude results using the variable Re approach is also shown in Figure 2 .
Local energy integrals
The four integral terms in equation (32) govern the advection, transfer, and dissipation of the mean kinetic energy. Using the data computed by the LEE code, these integrals are computed using the trapezoidal rule and the results are plotted in Figure 3 for the three jet Mach numbers. Due to the transient waves present near the inflow boundary, the integral calculations were started at θ/D = 0.035. As functions of θ, the two integrals that depend solely on the mean flow, I am and I md , are nearly identical for the three jets. The integral I am represents the advection of the mean flow kinetic energy. The rate of change of I am is initially constant and then gradually decreases. The energy moves downstream as the jet spreads and then the advection slows downstream of the potential core. The I md integral represents viscous dissipation of the mean kinetic energy. It starts out initially high due to the high radial gradients of the axial mean velocity. It steadily decreases in value as the flow proceeds downstream. The I mwt integral governs the main transfer of energy from the mean flow to the large-scale structures. It is entirely negative as the jet evolves, indicating that energy is only transferred from the mean flow to the large-scale structures and not the reverse. Its magnitude is largest for the lowest Mach number and it decreases as the Mach number increases becoming a less efficient energy transfer process. In the current derivation, I mwt consists of the sum of six terms, the largest, I mw1 , has the classical form for the velocity-shear driven generation of the large-scale structures (See Appendix). To various degrees, the additional terms add effects of compressibility and non-parallel flow to the energy transfer process. As can be seen in Figure 4 , these additional integrals add little to the total energy transfer integral in these cold, slowly diverging jets. The waviness seen in the initial part of the plots of I mwt in Figure 3 are remnants of the problems with the inflow boundary condition. The only way to possibly transfer energy from the largescale structures back to the mean flow is via the I at integral. The general behavior of I at is to increase to a maximum value and then decrease downstream. The initial positive gradient is indicative of energy transfer towards the largescale structures. After the peak and the gradient becomes negative, then some energy can be transferred from the large-scale structures to the mean flow. Both the magnitude and the gradients each side of the peak increase as the Mach number increased. Figure 5 shows four of the dominant integral terms in equation (33) governing the kinetic energy in the largescale structures. The integral for the advection of the largescale kinetic energy, I aw , increases as the energy flows in from the mean flow. Once dissipating mechanisms take over, the integral decreases in value. The lower values of I aw as Mach number increases corresponds to the lower levels of incoming energy from the higher mean flows. The large-scale energy decreases as I wd , the dissipation integral, increases. The remaining two integrals shown represent work done by the large-scale structure pressure gradients; I p1 represents work done by the axial pressure gradients and I pt represents work done by both the radial and the azimuthal pressure gradients. Both integrals are relatively small in magnitude. These integrals are the only ones using the pressure disturbance and their behavior at the computed flow field exit indicates the presence of reflections from the outflow boundary.
Nonlinear amplitude
The results for the computed amplitude function for the jet with Mach number 1.8 are shown in Figure 6 . The initial amplitude A 2 o varies from 10 −7 to 10 −1 . Part (a) shows the absolute value of the amplitude and part (b) shows the amplitude normalized by the initial amplitude. Notice that when the amplitude is normalized, the A 2 o = 10 −7 and 10 −6 plots are basically identical. This indicates a linear response. The amplitude function changed by the same amount as the change in the initial amplitude. The normalized plot for A 2 o = 10 −5 begins to deviate from the previous normalized plots at about x/D = 10. In part (a), it is seen that the A 2 o = 10 −5 plot is exceeding approximately 10 −3 at that location. This pattern holds for higher initial amplitudes indicating an amplitude threshold above which nonlinear effects take place. At the initial amplitude of 10 −1 , growth has nearly ceased and single frequency saturation starts to occur. 16 Using initial amplitudes of 10 −2 and 10 −7 to generate nonlinear and linear responses, respectively, for the amplitude function, Figure 7 shows comparisons for the three jet Mach numbers. The amplitude of the linear response grows in amplitude as the Mach number increases. As the initial amplitude increases and nonlinear effects become more important, the Mach number has very little effect on the maximum large-scale structure amplitude.
The energy integral equations also compute the change in mean flow momentum thickness and large-scale structure phase function. Results are shown in Figure 8 . Part (a) shows that the momentum thickness remains unchanged for small initial amplitudes. It is through the nonlinear process that the momentum thickness increases at the higher amplitudes until saturation. In part (b), the momentum thick- ness decreases downstream as the Mach number increases where initially the behavior of the momentum thickness is similar for all three jets. Finally, the phase function is plotted in part (c) as a phase speed for the large-scale structure. Nonlinearity has the effect of a rapid increase in phase speed near the nozzle exit compared to the gradual change in phase speed seen in the linear case.
CONCLUDING REMARKS
The Linearized Euler Equation method, with given nonparallel mean flow, has been used to compute the largescale turbulent structures. Normalized radial functions were derived from this data to be used in the energy integral method that describes the weakly nonlinear interactions of a growing large-scale structure with the mean flow. Below some initial amplitude threshold, the evolving disturbances behave linearly. Above that threshold, the amplitude of the disturbance peaks and decays earlier in axial location compared to the linear response. These results were also shown to be highly dependent on the dissipation model used for the large-scale structures. 
